Abstract-In this paper, we consider the following higher-order neutral functional differential equations with positive and negative coefficients:
INTRODUCTION
In this paper, we shall consider the following higher-order neutral delay differential equations with positive and negative coefficients
& [z (t) + cz (t -T)] + (-l)n+l [P(t) x (t -o) -Q (t) II: (t -6)] = 0, t 2 to, (1)
where n 2 1 is an integer, c E R, T, LT, 6 E W+, and P, Q E C ([to, co) 
, IF?), Iw+ = [0, co).
Let T = max{T, 0,s). By a solution of equation (l), we mean a function 5 E C([to -T, co), W), for some tl > to, such that z(t) + cz(t -7 is n times continuously differentiable on [tl, CXI) and ) such that equation (1) 
has been investigated by Kulenovie and HadiiomerspahiC
[4]. The higher-order neutral functional differential equation with positive and negative coefficients received much less attention, which is due mainly to the technical difficulties arising in its analysis. In particular, there is no nonoscillation result for (1). In this paper, we obtain the global results (with respect to c) in the nonconstant coefficient case, which are some sufficient conditions for the existence of a nonoscillatory solution of (1) for all values of c # f 1.
As is customary, a solution of (1) is said to be oscillatory if it has arbitrarily large zeros and nonoscillatory if it is eventually positive or eventually negative. to to
Further, assume that there exists a constant cr > l/(1 -c) and a sufficiently large Tl 2 to such that
Then (1) has a bounded nonoscillatory solution.
PROOF. By (4) and (5), there exists a tl > max{Tl, to + T}, T = max{T, u, 6}, sufficiently large such that
where 81 is a constant, and
hold, where h4 is a positive constant such that
holds. Let X be the set of all continuous and bounded functions on [to,oo) with the norm 11x11 = SUP~>~,, Ix(t)I. We define a closed bounded subset R of X as follows:
Define an operator S : R -+ X as follows:
to<t<t1.
We shall show that SR c CL In fact, for every x E !Fl .and t 2 tl , using (7) and (8) we get
Furthermore, in view of (5) and (8) we have
Thus, we proved that SR c R. Now we shall show that operator S is a contraction operator on 52.
In fact, for x,y E R and t 2 tl, we have
lsx(t)--SY(t)I<c~x(t-r)-y(t-7)l+~
This implies that
where in view of (6), 01 < 1, which proves that S is a contraction operator on CL Therefore, S has a unique fixed point x in R, which is obviously a bounded positive solution of equation (1). This completes the proof of Theorem 1.
THEOREM 2. Assume that 1 c c < +oo and that (4) holds. Further, assume that there exists a constant p > c/(c -1) and a sufficiently large Tl 2 to such that
PROOF. By (4) and (9), th ere exists a tl 1 max{Ti, r} sufficiently large such that
(s -t -T)'+~ (P(s) + Q (s)) ds 5 02 < 1, for t 2 tl, (10)
where 02 is a constant, and
where H is a positive constant such that
02)
holds. Let X be the set as in the proof of Theorem 1. Set
Define an operator S : R + X as follows:
to I t I t1.
We shall show that Ss1 c il. In fact, for every x E fi and t 2 tl, using (11) and (12), we get
Sx(t) = 1 -; -;x (t + T) 1 +

I m c(n -I)! t+s (s-~--_)(~-~)(P(s)~(s-~)-Q(~)~(s--)) ds
J O" c(n -I)! t+s (s -t -.)+l) @HP(s) -Ha(s)) ds
Furthermore, in view of (9) and (12), we get
Sx(t)=l-+(t+r) (s-t -T)(~-~)(I=(s)T(s -a) -Q(s)x(s -6)) ds (s -t -T)@-~) (HP(s) -/3HQ (s)) ds
,I-LPH -
Thus, we proved that Ss2 c il.
Now we shall show that operator S is a contraction operator on 0. In fact, for x, y E R and t > tl, we have
Is~(t)-Sy(t)lL:
~12:(t++Y(t+7)1
c(n -I)! t+r (s -t -T)@-~) Q (s) Ix (s -6) -y (s -S)l ds (s -t -T)@-~) (P(s) + Q(s)) ds 3 11~ -yIJ
This implies that where, in view of (lo), 82 < 1, which proves that S is a contraction operator. Consequently, S has the unique fixed point x, which is obviously a bounded positive solution of equation (1). This completes the proof of Theorem 2.
THEOREM 3. Assume that -1 < c < 0 and that (4) holds. Further, assume that there exists a constant y > 1 and a sufficiently large TI 1 to such that P (t) 2 rQ (t) 3 fort 2 TI.
Then (I) has a bounded nonoscillatory solution.
PROOF. By (4) and (13), there exists a tl 2 Tl sufficiently large such that the inequalities -c + (n ! l)! t s O" (s -t)+') (P(s) + Q(s)) ds 5 ~9~ < 1,
where 6s is a constant, and OS ("Tl)! Define an operator S : R --t X as follows: (s--6) ) ds, I Sx(td, to < t < t1.
For every x E St and t I tl, using (14) and (16), we get
(s -t)'+l (P(s) x (s -O) -Q(s) x (s -6)) ds (s -t)n-l (yMlP (s) -MI&(S)) ds
Il+c-cyM~+(c+l)(yMl-1)
Further, in view of (13) and (16) we have
Sx(t)=l+c-crc(t-T)+-("A)! tm s (s -t)n-l (P(s) x (s -a) -Q (s) x (s -6)) ds (s -t)+') (MIP (s) -yMlQ (s)) ds
1 l+c-cMl > MI.
Thus, we proved that Ss2 c R.
For x, y E R and t 2 tl, we have IS2 (t) -sy (t)l L -c (5 (t -T) -y (t -7)I (s -t)+') P(s) Iz (s -u) -y (s -u)I ds (s -t)@-') Q(s) )z (s -6) -y (s -S)l ds (s -t)@-') (P(s) + Q (s)) ds I (lz -yI(
This implies that 5 03 lb -YII .
IF -SYII I 03 lb -?/II >
where in view of (14), f?s < 1. This proves that S is a contraction operator. Consequently, S has the unique fixed point x, which is obviously a bounded positive solution of equation (1). This completes the proof of Theorem 3.
THEOREM 4.
Assume that ---co < c < -1 and that (4) holds. Further, assume that there exists a constant 6 > 1 and a sufficiently large Tl 2 to such that
PROOF.
By (4) and (17), there exists a tl 1 to sufficiently large such that the inequalities
C (n -I)! J (s -t -T)('+~) (P(s) + Q (s)) ds 5 04 < 1, fort 2 t1, (18)
t+T where 94 is a constant, and
hold, where the positive constant HI satisfies ;<Hl<l.
Let X be the set as in the proof of Theorem 1. Set
= {x E X : HI 5 z(t) 5 6H1, t 2 to}.
Define an operator S : 51 --t X as follows
For every x E 0 and t 2 tl, using (17) and (20), we get Sx(t)=l+; -fx (t + 7)
(s -t -T)("-~) (HIP(s) -6HlQ (5)) ds
Furthermore, in view of (19) and ( In view of (18), 04 < 1. This proves that S is a contraction operator.
Consequently, S has the unique fixed point x, which is obviously a bounded positive solution of equation (1). This completes the proof of Theorem 4.
In the special case where Q(t) z 0, conditions (5), (9), (13) , and (17) are redundant. By Theorems 1-4, we have the following result. 
